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The gradual decrease in the filtration flux rate with time, which occurred due to the
capture of solid particles and/or organic substances onto the surfaces of pores in a thin
filter medium, was measured in constant-pressure filtration of both pool water and pond
water. A new theoretical background of the conventional characteristic filtration equation
describing the variation of the filtration resistance of the clogged filter medium with time
was afforded based on a consideration of the variation of both the porosity and the spe-
cific surface area of the filter medium caused by the capture of the solids in the Kozeny-
Carman equation. The flux decline behavior depended solely on the initial filtration rate,
influenced by the pore size of the filter medium and the filtration pressure. The variations
of the filtration rate and the filtrate volume with the filtration time were very accurately
described by the analytical solution based on the characteristic filtration equation. In the
case of pond water with a relatively high turbidity compared to pool water, the transition
point from depth to cake filtration was determined based on the pressure dependence of
the specific filtration resistance of the filter cake, and then the flux attenuation behavior
was evaluated by considering the transition from depth to cake filtration. � 2007 American
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Introduction

Clarifying filtration of very dilute suspensions containing
fine particles, colloids, macromolecules, and microbes con-
ducted using a relatively thin filter medium such as a mem-
brane and a filter paper becomes increasingly important in
widely divergent fields of not only industrial processing but
also purification of potable water and treatment of waste-water
since it is related to the removal of contaminants in aquatic
environments. In depth filtration, the particles are captured
inside a porous filter medium rather than on its surface. It is

well known that one of the critical problems governing the per-

formance of these filtration processes is fouling of the filter me-

dium, leading to severe flux decline. For a practical application

of the filtration processes, it is, therefore, of great importance

to understand the underlying mechanisms governing fouling of

the filter medium during filtration.
Numerous models have been developed to describe the

fouling of the filter medium due to pore plugging.1–4 Among
them, a series of simple laws to interpret physical mecha-
nisms of the blockage of the pores were first proposed by
Hermans and Bredée,1 and subsequently systematized by
Grace.2 The model incorporates four different kinds of block-
ing filtration models: complete blocking, standard blocking,
intermediate blocking, and cake modes of filtration. All the
filtration laws stem from a common differential equation by
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adjusting the values of two constants. Thus, for constant-
pressure filtration, we have

d2h
dv2

¼ k
dh
dv

� �n

(1)

where h is the filtration time, v is the cumulative filtrate volume
per unit effective cross-sectional medium area, n is the block-
ing index which defines the mode of filtration occurring, and k
is the resistance coefficient which depends on the system, the
filter medium, and the conditions of filtration. The reciprocal
filtration rate (dh/dv) indicates a measure of the total filtration
resistance to flow R, related by R 5 p(dh/dv)/l, where p is the
applied filtration pressure, and l is the viscosity of the filtrate.
Thus Eq. 1 states that the rate of change of filtration resistance
is represented by a power function of the instantaneous filtra-
tion resistance. The value of n is 2, 1.5, 1, and 0, respectively,
for the complete blocking, standard blocking, intermediate
blocking, and cake mode of filtration. Each of these blocking
filtration laws may be derived from separate physical mecha-
nisms of the filtration process.5 In deriving the blocking filtra-
tion laws, the filter medium is assumed to have straight-
through-cylindrical pores, and the fluid flow through the pores
can be described as the Hagen-Poiseuille flow. Hermia6

derived a physical model of the intermediate blocking law that
had previously been regarded as empirical, by accounting for
the possibility that particles can land on top of other deposited
particles. Each of these blocking filtration models has been
used individually or in combinations by a number of investiga-
tors7–17 to describe experimental observations of the flux
decline caused by the blockage of the pores in the thin filter
medium over the course of a filtration run. Bowen et al.18 and
Iritani et al.,19 around the same time, indicated that the value of
n varied successively during filtration in dead-end microfiltra-
tion of protein solutions, employing the characteristic form of
the filtration laws represented by Eq. 1. More recently, Hwang
et al.20 found a similar phenomenon in particulate microfiltra-
tion. Taking the intermediate blocking law as a starting point,
Lee21 and Iritani et al.22 analyzed medium clogging during
cake filtration.

It is, however, well known that the blocking filtration model
cannot accurately describe the change of the complicated pore
microstructure due to deposition in depth filtration because of
the physical assumption of the straight cylindrical pore. Flux
decline in depth filtration typically proceeds by deposition of
particles on the internal surfaces of the pores of the filter me-
dium. Such internal fouling may be important for cases where
the feed solution has a very low concentration of foulant. For
instance, Ives and Pienvichitr23 developed a depth filtration
model describing the change in pressure drop with the accumu-
lation of deposited material in the pore interior at a constant
flow rate based on alterations of the porosity and specific sur-
face area terms in the Kozeny-Carman equation. Bolton et al.
also developed a fiber-coating model based on the Kozeny-
Carman equation.24 In the model, the filter microstructure was
idealized as an assembly of randomly-oriented, straight, cylin-
drical fibers, and it was assumed that filters plug as solids coat
the surfaces of fibers, making them thicker, and reducing filter
porosity and permeability.

The key objective of this current work is to examine the
decline mechanisms of the long-term flux during constant pres-
sure operation in filtration of very dilute suspensions. We

attempt to develop a method for elucidating data obtained from
experiments of both microfiltration of pool water and filtration
of pond water under constant-pressure conditions.

Experimental

Materials

Both pool water and pond water were employed as test sus-
pensions in this research. Pool water was obtained from an
indoor heated swimming pool (Tarui-cho, Fuwa-gun, Gifu). In
the pool, pool water is circulated through diatomite filtration.
The turbidity measured by a turbidimeter (2100AN, HACH)
was 0.19 NTU. Also, the concentration of the suspended solids
measured by a multipurpose rapid water quality analyzer (DR/
2500 Spectrophotometer, HACH) was 0.28 mg/l. In contrast,
pond water was collected from Nekogahora pond (Chikusa-ku,
Nagoya). Both the turbidity and the concentration of suspended
solids were 19.4 NTU and 18.0 mg/l. Thus, pond water is
much more contaminated compared with pool water. Both
suspensions were stored at a constant temperature of 58C in the
refrigerator until they are used.

In microfiltration of pool water, the filter medium used was a
microfiltration membrane, made of a mixed cellulose ester,
with a nominal pore size of 0.1, 0.2, and 0.45 lm, respectively,
procured from Advantec Toyo Corp. In filtration of pond
water, the filter medium used was a filter paper, 5A, 5B, and
5C, with a particle retention of 7, 4, and 1 lm, respectively,
supplied by Advantec Toyo Corp.

Experimental apparatus and technique

A schematic diagram of the experimental apparatus for fil-
tration is shown in Figure 1. All experiments were performed
in a dead-end filtration cell (KS-25, Advantec Toyo Corp.)
with a filtration area of 3.63 cm2. The filtration cell consisted
essentially of a stainless-steel cylindrical vessel, equipped with

Figure 1. Schematic diagram of experimental apparatus.
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a porous support on which the filter medium was placed. Dead-
end filtration experiments were performed under conditions of
constant pressure ranging from 49 to 196 kPa controlled by a
reducing valve by applying compressed nitrogen gas after the
test suspension was introduced into both the filtration cell and
acrylic feed suspension reservoirs. To continue filtration, the
feed suspension was supplied to one reservoir when it became
almost empty.

The filtrate was collected in a reservoir placed on an electric
balance connected to a personal computer to collect and record
filtrate mass versus filtration time data. The weights were con-
verted to volumes using filtrate density correlations. The
instantaneous filtration rate was obtained by numerical differ-
entiation of the filtrate volume versus filtration time data. The
turbidity of the filtrate collected was also measured.

Model Development

Depth filtration equation

When particles are substantially smaller than the sizes of
pores in a filter medium such as a membrane and a filter paper,
deposition occurs by being trapped within the internal structure
of the filter medium, resulting in a dramatic decline of the fil-
tration rate. In other words, as particles are deposited, the pores
become constricted and the permeability of the filter medium is
reduced. A simple approach is to consider the flow of the po-
rous medium to be represented by the Kozeny-Carman equa-
tion. Thus the filtration rate (dv/dh) in constant-pressure depth
filtration is described by

dv

dh
¼ e3

k0S2ð1� eÞ2 �
p

L
(2)

where e0 is the porosity of the filter medium, S is the specific
surface area of the filter medium, L is the thickness of the filter
medium, and k0 is the Kozeny constant, which has an approxi-
mate value of 5.0.

The initial porosity e of the clean filter medium is given by

e0 ¼ p
4
NpD0

2 (3)

where Np is the number of pores per unit cross-sectional me-
dium area, and D0 is the original representative diameter of
pores on a flow cross-sectional area basis. The voids decrease
as particle accumulation within the pores increases. For sim-
plicity, in this investigation it is assumed that the particle accu-
mulation is proportional to the filtrate volume. Therefore, the
porosity e of pores coated by the deposit can be written as

e ¼ p
4
NpD

2 ¼ p
4
NpD0

2 � p
4
KD0

2v (4)

where D is the representative diameter of pores on a flow
cross-sectional area basis, and K is an empirical constant. Com-
bining Eqs. 3 and 4 yields

e ¼ 1� Kv

Np

� �
e0 (5)

which is equivalent to

D

D0

¼ 1� Kv

Np

� �1=2

(6)

The initial specific surface area S0 is described as

S0 ¼ pNpDs0

1� e0
(7)

where Ds0 is the original representative diameter of pores on a
wetted perimeter basis. The coated specific surface area S is
given by

S ¼ pNpDs

1� e
(8)

where Ds is the representative diameter of pores on a wetted
perimeter basis. Depending on the mode of deposit morphol-
ogy, the relation between the diameter Ds on a wetted perime-
ter basis and the diameter D on a flow cross-sectional area basis
is assumed to be represented by

Ds

Ds0

¼ D

D0

� �b

(9)

where b is a constant.
Combining Eqs. 7 and 8 with the aid of Eqs. 6 and 9 yields

S2ð1� eÞ2 ¼ 1� Kv

Np

� �b

S0
2ð1� e0Þ2 (10)

Substituting Eqs. 5 and 10 into Eq. 2, the filtration rate (dv/dh)
as a function of filtrate volume v can be shown to have the rela-
tion

dv

dh
¼ 1� Kv

Np

� �3�b dv

dh

� �
0

(11)

where (dv/dh)0 is the initial filtration rate defined by

dv

dh

� �
0

¼ e03

k0S0
2ð1� e0Þ2

� p
L

(12)

Equation 11 describes the variation of the filtration rate (dv/dh)
with the filtrate volume v. By putting b as unity, Eq. 11 reduces
to the standard blocking law in which particles uniformly accu-
mulate on the walls of straight cylindrical pores. Equation 11
can be rearranged to give

dh
dv

¼ ð1þ NvÞM dh
dv

� �
0

(13)

where N 5 2K/Np, and M 5 b 2 3. To obtain an analytical
expression for the filtrate volume v as a function of filtration
time h. Eq. 13 can be integrated between the limits (h 5 0, v 5
0) and (h5 h, v5 v) as

v ¼ 1

N
NðM þ 1Þ dv

dh

� �
0

hþ 1

� � 1
Mþ1

�1

" #
(14)

Equation 14 is not satisfactory for the special case of M 5 21.
In this case, Eq. 13 integrates to become

v ¼ 1

N
exp N

dv

dh

� �
0

h

� �
� 1

� �
(15)

Differentiating Eq. 13 with respect to the filtrate volume v
would produce Eq. 1, where k 5 MN(dh/dv)1=M0 5(3 2
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b)K(dh/dv)1=ðb�3Þ
0 /Np, and n 5 (M 2 1)/M 5 (b 2 4)/(b 2 3).

The derived equation is equivalent to the characteristic form of
the filtration laws proposed by Hermans and Bredée.1 How-
ever, according to their model, Eq. 1 was applicable just for
some specified n-values: 2, 1.5, 1, and 0. Moreover, each n-
value was derived from the quite different fouling mechanism.
According to our model, Eq. 1 is applicable to an arbitrary n-
value, and stems from a single fouling mechanism in which
both the porosity and the specific surface area vary along with
the deposition of particles on the internal surfaces of the pores
of the filter medium. In this sense the derivation of Eq. 1 pre-
sented in this article is more universal, and the developed
model widely extends the range of application of Eq. 1.

Transition from depth to cake filtration

When the limiting capacity of pore has been reached due to
deposition of particles over a long time, the build up of a filter
cake on the medium surface occurs, and particles accumulate
on the surface of the permeable cake. The increasing thickness
of this cake adds resistance to the flow.25,26 For the case where
filtration is cake-controlled, the value of n rapidly drops to
zero,20 and then Eq. 1 reduces to

d2h
dv2

¼ kc (16)

where kc is the specific filtration resistance on a unit filtrate
volume basis of constant-pressure cake filtration and represents
the value of d2h/dv2 at the critical point making the transition
from depth to cake filtration. Applying the classical cake filtra-
tion model,27 the value of kc can be determined from

kc ¼ lqsaav
ð1� msÞp (17)

where q is the density of the filtrate, s is the mass fraction of
solids in suspension, m is the ratio of the mass of wet to mass
of dry cake, and aav is the average specific filtration resistance
and can be empirically related to the filtration pressure p by a
power function as28

aav ¼ a0p
nc (18)

where a0 and nc are the empirical fitting parameters. The expo-
nent nc is an indication of the compressibility of the filter cake
formed on the filter medium. The larger the value of nc, the
higher the compressibility of the cake. The expression for aav,
Eq. 18, can now be substituted into Eq. 17 to obtain

kc ¼ lqsa0
1� ms

pnc�1 ¼ Kcp
nc�1 (19)

where Kc is a constant. Consequently, it is concluded that the
transition point from depth to cake filtration can be determined
based on the pressure dependence of the specific filtration re-
sistance of the filter cake.

Results and Discussion

Flux decline history

Experimental data of microfiltration of pool water conducted
using the 0.2-lm membrane under different applied pressures

are plotted in Figure 2 as the form of the reciprocal filtration
rate against the filtrate volume v collected per unit effective
membrane area. The average turbidity of the filtrate was 0.04
NTU, and thus 79% of turbidity was rejected by the microfil-
tration membrane. The initial filtration rate for various filtra-
tion pressures ranged from 1.643 1023 to 5.563 1023 m/s. In
each case the filtration resistance increases gradually in the
early stages of filtration, but undergoes a significant increase
when the filtrate volume v becomes large. As a consequence,
the filtrate volume v ceases to increase even though filtration
continues. To continue the filtration operation thereafter, the
cleaning operation such as backwashing and chemical cleaning
etc. must become part of the process. As the filtration pressure
p increases, a rapid rise in the filtration resistance is seen in
larger filtrate volume. In other words, the membrane fouling
proceeds gradually as the filtration pressure p increases. This is
presumably because the lower flow rate at the lower pressure is
more susceptible to rapid membrane fouling. Figure 3 shows
the behavior of the filtration resistance with pore sizes dm of
the membranes varying from 0.1 to 0.45 lm during the con-
stant pressure, p 5 98 kPa. The initial filtration rate ranged
from 4.4 3 1024 to 7.14 3 1023 m/s, depending on the pore
size of the membrane. Obviously, the increase in the pore size
retards a rapid increase in the filtration resistance.

In Figures 4 and 5, the reciprocal filtration rate (dh/dv)
obtained in filtration of pond water is plotted against the filtrate
volume v for the various values of the filtration pressure p and
the particle retention size dr of the filter paper, respectively.
The average turbidity of the filtrate was 1.5 NTU, and thus
92% of the turbidity in the pond water was removed by filtra-
tion. The results for pond water are qualitatively similar to
those for pool water shown in Figures 2 and 3. However, it
should be noted that the transition from gradual to the rapid
increase in the filtration resistance becomes sharp in compari-
son to the results of pool water and that the plots after the tran-
sition seem quite linear.

Figure 2. Effect of filtration pressure p on relation
between reciprocal filtration rate (dh/dv) and
filtrate volume v per unit membrane area for
pool water.
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Characteristic form of filtration

On the basis of the data shown in Figures 2–5, we can obtain
the relationship between the first and second derivatives of the
filtration time h versus the filtrate volume v per unit filter me-
dium area. To provide a clear indication of the dominant foul-
ing mechanism, the logarithmic plots of d2h/dv2 as a function
of dh/dv are shown in Figure 6 as the characteristic filtration
curves. In the calculation, the second derivative (d2h/dv2) can
be evaluated by numerical differentiation of the first derivative
(dh/dv). Therefore, there is some scatter in the results due to

the stepwise differentiation of the raw data. What is interesting
to note here is that for pool water the data collapse to nearly a
straight line in the ranges investigated in accordance with Eq.
1, irrespective of the filtration pressure and the pore size of the
membrane when plotted in this manner. As the filtration pro-
ceeds and dh/dv increases, the derivative (d2h/dv2) increases
with dh/dv linearly. The best fit for our experimental data gives
an n-value (slope of logarithmic expression of Eq. 1) of about
1.46, which is slightly less than the value of 1.5 for the stand-
ard blocking law, leading to a b-value of 0.826.

In contrast to the data for pool water, the plots for pond
water are approximately divided into two distinct regions. In

Figure 3. Effect of pore size dm of membrane on relation
between reciprocal filtration rate (dh/dv) and
filtrate volume v per unit membrane area for
pool water.

Figure 4. Effect of filtration pressure p on relation
between reciprocal filtration rate (dh/dv) and
filtrate volume v per unit medium area for
pond water.

Figure 5. Effect of particle retention size dr of filter paper
on relation between reciprocal filtration rate
(dh/dv) and filtrate volume v per unit medium
area for pond water.

Figure 6. Logarithmic plots of d2h/dv2 versus dh/dv for
both pool water and pond water.
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the first stage of filtration (i.e., small dh/dv), plots show a
unique linear relationship, irrespective of the filtration pressure
and the particle retention size of the filter paper. This is similar
to the results for pool water. However, the corresponding value
of d2h/dv2 at an arbitrary value of dh/dv becomes larger in the
case of pond water with a relatively high turbidity compared to
pool water. The value of n determined from the slope of a
straight line is about 1.35, a value between the standard block-
ing law (n 5 1.5) and the intermediate blocking law (n 5 1),
leading to a b-value of 0.143. As filtration proceeds, the recip-
rocal filtration rates (dh/dv) increases and thus its derivative
(d2h/dv2) increases. Once the value of d2h/dv2 reaches the lim-
iting value, which depends on the filtration pressure, the second
stage begins and the value of d2h/dv2 remains constant, as
given by Eq. 16. This confirms that filtration is cake layer con-
trolling.

The effect of the filtration pressures on kc in Eq. 16 is illus-
trated in logarithm scales, as shown in Figure 7. The plots
appeared to be linear agreeing with Eq. 19. An increase in the
filtration pressure leads to a lower kc. This implies that the
value of aav increases with increasing filtration pressure
because of cake compaction, with the packing density of the
cake increasing with increasing pressure. The value of nc deter-
mined from the slope of the straight line was about 0.69, indi-
cating the relatively high compressibility of the filter cake.

Evaluation of flux decline behaviors

In the case of pool water, the flux decline behaviors are eval-
uated based on Eq. 1, which is the characteristic form of depth
filtration. As the logarithmic plots of d2h/dv2 as a function of
dh/dv were approximated by a straight line, it is necessary to
emphasize that the variations of the filtration rate and the fil-
trate volume during the depth filtration period depend solely on
the initial filtration rate for a given suspension. The solid
curves in Figures 2 and 3 represent the model calculations
given by Eq. 13, using the initial value of the reciprocal filtra-

tion rate, (dh/dv)0, and the values of M and N. The values of M
and N were calculated from the values of n and k determined
from the equation form of a straight line in Figure 6. In each
case the calculations are in relatively good agreement with the
experimental data.

In Figure 8, the experimental data shown in Figures 2 and 3
are replotted in the form of the filtrate volume v per unit mem-
brane area versus the filtration time h. As the filtration pressure
p and the pore size dm of the membrane increase, the value of
the filtrate volume v obtained per unit filtration time h
increases. The calculations obtained using Eq. 14 are also
shown in the figure and compared favorably with the experi-
mental data.

In the case of pond water, the flux decline behaviors are
evaluated based on Eq. 1, which is the characteristic form of
depth filtration, and Eqs. 16 and 19, which are the filtration rate
equation for cake filtration. The solid curves in Figures 4 and 5
are the calculated values. In the depth filtration period, the cal-
culations are obtained based on Eq. 13, using the initial value
of the reciprocal filtration rate, (dh/dv)0, and the values of M
and N. Subsequently, the value of d2h/dv2 at the transition point
between depth and cake filtration can be determined from Eq.
16 employing the value of kc obtained from Eq. 19 using the
values of Kc and nc. The values of Kc and nc were determined
from the equation form of a straight line in Figure 7. The value
of the reciprocal filtration rate (dh/dv) at the transition point
can be obtained by substituting the value of d2h/dv2 thus
obtained into Eq. 1. Since n 5 0 and k 5 kc in cake filtration,
by replacing v and (dh/dv)0 by (v 2 vt) and (dh/dv)t, respec-
tively, Eq. 13 reduces to

dh
dv

¼ kcðv� vtÞ þ dh
dv

� �
t

(20)

where the subscript t is used to denote the value at the transi-
tion point. The above equation is in accordance with the

Figure 7. Dependence of kc in Eq. 16 on filtration
pressure p.

Figure 8. Relation between filtrate volume v per unit
membrane area and filtration time h for pool
water.
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conventional cake filtration equation.8 Thus, the relation
between dh/dv and v at the late stage of filtration after the tran-
sition point is given by Eq. 20. The calculations are in fairy
good agreement with all experimental data in both the depth
and cake filtration periods. A significant part of the resistance
was due to cake filtration rather than depth filtration.

Figure 9 represents the experimental data of v versus h for
the results of pond water shown in Figures 4 and 5. The experi-
mental data are compared with the calculations, good agree-
ment being observed throughout a range of filtration. The
calculations during the cake filtration period are obtained by
substituting both n5 0 and k5 kc into Eq. 14 and by replacing
v, h, and (dv/dh)0 by (v 2 vt), (h 2 ht), and (dv/dh)t, respec-
tively, yielding

kc
dv

dh

� �
t

ðv� vtÞ2 þ 2ðv� vtÞ ¼ 2
dv

dh

� �
t

ðh� htÞ (21)

where ht is the filtration time at the transition point.

Simulation based on characteristic form of filtration

It is quite important to note that behaviors of flux decline
depend on the initial reciprocal filtration rate (dh/dv)0 (i.e., the
initial filtration rate (dv/dh)0) alone for a given suspension to
be filtered. Consistent with Eq. 12, the initial filtration rate (dv/
dh)0 increases approximately linearly with increasing applied
filtration pressure p in the regime of laminar flow29 as typically
shown in Figure 10 for pool water since the membrane is
incompressible at the pressures used in these experiments.
Therefore, the effect of the filtration pressure p on the flux
decline behavior is reflected by changing the value of the initial
reciprocal filtration rate (dh/dv)0. The intercept of the abscissa
corresponds to the average head of pool water contained in the
feed suspension reservoir. Figure 11 shows the simulations of
dh/dv versus v in microfiltration of pool water for the various
values of the filtration pressure p. The model follows the

observed trend shown in Figure 2. It is obvious that the filtrate
volume v, where reciprocal filtration rate dh/dv increases
sharply, increases with increasing filtration pressure p. In pool
water the values of n and k in Eq. 1 are 1.46 and 1.91 3 1024

s12 n/cm22n, respectively. The effects of changing either n or k
on the flux decline behaviors are examined in more detail in
Figures 12 and 13, respectively. Of interest is that the curvature
becomes smaller with decreasing n. In cases that n5 0, a linear
relationship is obtained in accordance with the relation in cake
filtration expressed as Eq. 20. The change in k affects the rising
behaviors of the reciprocal filtration rate as in the case of the
filtration pressure.

Figure 9. Relation between filtrate volume v per unit me-
dium area and filtration time h for pond water.

Figure 10. Relation between initial filtration rate (dv/dh)0
and the filtration pressure p for pool water.

Figure 11. Simulation results of relation between recip-
rocal filtration rate (dh/dv) and filtrate volume
v per unit membrane area at various filtration
pressures for pool water.
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In Figure 14, the simulation results of dh/dv versus v in fil-
tration of pond water are illustrated for the various values of
the filtration pressure p. In this case the fouling of the filter me-
dium starts with depth filtration and then is followed by contin-
uous cake formation. Thus the flux decline trend becomes
more complex. It must be stressed, once again, that the transi-
tion point from depth to cake filtration can be determined based
on the pressure dependence of the specific filtration resistance
of the filter cake. It is evident that the filtrate volume v at the
transition point, where the filtration mechanism changes from
depth to cake filtration, tends to increase with the increase in
the filtration pressure p. The trends of the calculations are simi-

lar to those shown in Figure 11, but the results of pond water
show a linear relationship in the period of cake filtration,
whereas there is a definite curvature for the results of pool
water. From a practical point of view, it is quite important to
know when backwashing or replacement of the fouled filter
medium should be conducted. Evaluating the filtrate volume or
filtration time at which the increase in the filtration resistance
becomes more pronounced makes it easy to determine the time
at which backwashing of the filter medium should be con-
ducted.

Conclusions

The flux decline behaviors in constant-pressure filtration of
very dilute suspensions varying filtration pressures and pore
sizes of the filter medium were examined by employing pool
water and pond water. The filtration resistance increases gradu-
ally in the early stages of filtration, but exhibits a dramatic
increase when the filtrate volume becomes large. As the filtra-
tion pressure and the pore size of the filter medium increases, a
rapid rise in the filtration resistance is seen in larger filtrate vol-
ume. In this regard, the results for pool water and pond water
are superficially similar to each other. However, in the case of
pond water with a relatively high turbidity, the filtration mech-
anism shifted from depth to cake filtration.

A new theoretical background of the conventional character-
istic filtration equation describing the rate of change in the fil-
tration resistance of the clogged filter medium was afforded by
accounting for the variation of both the porosity and the spe-
cific surface area of the filter medium caused by the capture of
the solids explicitly in the Kozeny-Carman equation. The var-
iations of the filtration rate and the filtrate volume with the fil-
tration time of pool water were well evaluated based on the
characteristic filtration equation. As a result, it was demon-
strated that the flux decline behavior depends solely on the ini-
tial filtration rate under a given suspension. In the case of pond

Figure 12. Simulation results of relation between recip-
rocal filtration rate (dh/dv) and filtrate volume
v per unit membrane area at various values of
n for pool water.

Figure 13. Simulation results of relation between recip-
rocal filtration rate (dh/dv) and filtrate volume
v per unit membrane area at various values of
k for pool water.

Figure 14. Simulation results of relation between recip-
rocal filtration rate (dh/dv) and filtrate volume
v per unit medium area at various filtration
pressures for pond water.
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water with a relatively high turbidity, the transition point from
depth to cake filtration was determined with the aid of the spe-
cific filtration resistance of cake filtration under the constant-
pressure conditions, and then the flux decline behavior was
well evaluated based on the characteristic filtration equation.
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Notation

D5representative diameter of pores of flow cross-sectional area basis, m
Ds5representative diameter of pores of wetted perimeter basis, m
dm5nominal pore size of membrane, m
dr5particle retention size of filter medium, m
K5constant in Eq. 4, m23

Kc5constant in Eq. 19, kg1�nc mnc�3 s2nc�1

k5constant in Eq. 1, mn22 s12n

k05Kozeny constant
kc5 specific filtration resistance of unit filtrate volume basis of constant-

pressure filtration in Eq. 16, s/m2

L5thickness of filter medium, m
M5constant in Eq. 13
m5ratio of mass of wet to mass of dry cake
N5constant in Eq. 13, m21

Np5number of pores per unit cross-sectional medium area, m22

n5constant in Eq. 1
nc5constant in Eq. 18
p5applied filtration pressure, Pa
R5filtration resistance, m21

S5specific surface area of filter medium, m21

s5mass fraction of solids in slurry
v5cumulative filtrate volume per unit effective medium area, m3/m2

Greek letters

a05constant in Eq. 18, kg�1�nc m1þnc s2nc

aav5average specific filtration resistance, m/kg
b5constant in Eq. 9
e5porosity of filter medium
h5filtration time, s
l5viscosity of filtrate, Pa s
q5density of filtrate, kg/m3

Subscripts

05initial value
t5value at transition
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